Abstract-We examine some algebraic properties of two high-rate linear space-time block codes over M = 2, 3 transmit antennae. Although these high-rate codes have positive coding gain, the gain decreases when increasing the constellation size. We give tight upper and lower bounds on the achieved coding gains as functions of the size of the constellations used. We show that when using the irrational numbers √ 3 and √ 2, the coding gains express the approximation of these numbers by continued fractions depending on the constellations used. The poor approximation of these numbers by rational numbers is then shown to make the coding gains decrease slowly when increasing the constellation size.
I. Introduction and System Model
T he use of algebraic constellations over multi-transmit and multi-receive antennae [1] , [2] allows for the exploitation of the large capacity of multi-antenna systems [3] while achieving the full transmit diversity [4] . However, the coding gains of these high-data rate codes are not the same for all constellations since they correspond to the degree of approximation of some irrational numbers by rational numbers [2] , [5] .
In this correspondence, we examine the coding gain properties of two high-rate linear space-time block codes (STBC's) for M = 2, 3 transmit antennae and T = M symbol periods. A linear STBC over M transmit antennae and T symbol periods is defined by a one-to-one correspondence between information symbol vector space C q (with q the number of information symbols to be encoded) and the complex matrix space C M×T : s ∈ C q → B(s) ∈ C M×T , such that B(s 1 + s 2 ) = B(s 1 ) + B(s 2 ), where M encoded symbols b mt , m = 1, . . . , M, are transmitted simultaneously from all transmit antennae at time t, t = 1, . . . , T [6] . Recall that the diversity gain of a linear STBC B is given by the minimum rank of A = B(s 1 − s 2 )B(s 1 − s 2 ) H taken over all distinct codeword pairs (s 1 , s 2 ), and the coding gain of code B is given by the minimum of the geometric mean of the eigenvalues of matrix A. The first code considered here is given by [ 
with θ 2 = φ and φ = e iλ , such that λ is a real parameter to be optimized. We assume that the symbols vector s = (s 1 , . . . , s 4 ) belongs to a constellation C carved from Z[i]
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given by
In the following we develop tight lower and upper bounds on the coding gains of both STBC's, B 2,φ and B 3,φ , for some special values of φ, for which the coding gains can be expressed as the approximations of quadratic residues by continued fractions.
II. Bounds on the Coding Gains

A. The code B 2,φ
The coding gain [4] achieved by code B 2,φ can be expressed as a function of φ and the constellation C as follows
where γ(s) = |φ Ts |, withs = (s
It is proved in [2] that the STBC B 2,φ achieves a diversity gain of 2N for all φ such that {1, φ, φ 2 , φ 3 } are algebraically independent over Z[i]. This includes • φ transcendental, i.e., there is no polynomial P with coefficient in Q(i) such that P (φ) = 0 [8] .
• φ algebraic of degree ≥ 4 over Q(i), i.e., there exists a polynomial P of degree ≥ 4, and no less than 4, with coefficients in Q(i) such that P (φ) = 0 [8] . Or φ algebraic of degree 2 over Q(i) such that φ 2 ∈ Q(i) (for |φ| = 1 this implies that φ = ±e iπ/4 ). It is shown that the optimal value of φ which maximizes the coding gain over the four dimensional 4-QAM constellation equals e i/2 which is transcendental [2] . Moreover, one notes that maximizing the coding gain with respect to φ is equivalent to choosing irrational complex numbers {φ, φ 2 , φ 3 } to be simultaneously "not well approximated" by rational numbers [2] , [8] . Therefore, the value of the coding gain which corresponds to the aforementioned approximation (3), shrinks when increasing the size of the constellation, since more rational numbers become included in the constellation. Thus, the approximation of {φ, φ 2 , φ 3 } by rational numbers becomes more tight. As a consequence, it can be proved that algebraic numbers are more suitable for constellations with high spectral efficiency.
Before presenting our results, let us first recall the following Theorems. 
where κ(α) > 0 is a constant depending only on α.
In view of these two Theorems one has the following Propositions. 
where
, and
. By developing (6) one obtains
Note that the coding gain expresses the approximation of √ 2 by the rational number
which depends on the constellation C; the more points in C, the larger the denominator in this above fraction is, and the more this approximation becomes tight. One develops the following upper bound on δ 
. By using Theorem 2, one has
Substituting in (10) gives
which completes the proof.
4 . In addition, it decreases at most as 1 ν 2 , where ν is the largest absolute value of the constellation points. 
4 . Note that the coding gain in this case expresses the approximation of √ 3 by rational numbers depending on the constellations used. Hence, similar arguments to those used in Proposition 1 can be made about the shrinking of δ C 2 (φ) when the size of C increases.
Observe that the proofs of Propositions 1 and 2 rely on the fact that φ 2 = i ∈ Q(i) in the first case, that φ 3 = i ∈ Q(i) in the second case, and that i is not a square in Q(i). However, not all φ of degree 2 over Q(i) make δ C 2 (φ) > 0. For example take φ = e iπ/3 of degree 2 over Q(i). Then, it can be proved that δ 
where γ(s) is defined as in (3), and β(s) = |s 1 + φs 2 + θs 3 + θφs 4 |. Note that the coding gain of this scheme expresses the simultaneous approximation of two sets of irrational numbers, {φ, φ 2 , φ 3 } and {θ, φ, θφ}, by rational numbers. Hence, the choice of φ that maximizes the coding gain should make these two set of numbers poorly approximated by rational numbers. One has the following results.
Proposition 3:
The following values of φ guarantee that the code B 3,φ achieves a diversity of 3N over all constellations carved from Z[i]
4
• φ = e iλ with λ = 0 algebraic number (φ transcendental).
• φ algebraic of degree ≥ 4 over Q(i).
• φ = e iπ/4 , φ = e iπ/6 .
Proof.
Take λ = 0 an algebraic number, then {0, iλ, 2iλ, 3iλ} are distinct algebraic numbers. Hence [8 Finally, the proof for φ = e iπ/4 and φ = e iπ/6 is similar to the proof of Propositions 1 and 2 and is not given.
We present in Table II 
C. Joint optimization of θ and φ
In the following we relax the condition θ 2 = φ, which allows us to achieve higher coding gain values by jointly optimizing φ and θ. One rewrites γ(s) as
where one can assume that s We have verified by computer search that this "heuristic" choice of θ and φ indeed gives the best possible coding gains for both codes considered here as shown in Table III 
where s 2 is a positive integer in this case). Therefore, the coding gain in this case decreases at most inversely proportional to the largest absolute value in the constellation considered ν (instead of ν 2 as for the case φ = θ 2 ). This is the slowest decrease of the coding gain as one notes from Table III 
Observe that √ 3 is more poorly approximated by rational numbers than is √ 2 since its continued fraction expansion terms are equal to 1 and 2 alternatively, whereas the expansion terms of √ 2 are all equal to 2 as given in eqn.(12).
D. Extension to PSK constellations
We examine here the values of θ and φ that achieve full diversity over PSK constellations. and θ = ±e 2iπ/6 . In general, the use of PSK constellations limits the increase in the peak power induced by high rate linear STBC's.
E. Concluding remarks
The use of results from algebraic number theory and the Diophantine approximation, i.e., the approximation of irrational or algebraic numbers by rational or other algebraic numbers [7] , was shown to facilitate the difficult task of constructing and optimizing space-time block codes. Although both codes investigated here are constructed "by hand", the investigation undertaken in this correspondence is a first step towards proposing a general approach for constructing optimized space-time codes using algebraic number theory. 
